/S h, thickness of shell having the sur-A face S for middle surface; Fig. 1 . Ns, Nt, normal forces per unit length of sections of the shell which are perpendicular to s-and /-directions respectively (Fig. 3) ; N,t, shearing force in s-direction per unit length of shell section perpendicular e.«, elt, est, strains corresponding to NSI Nt, and Nst, respectively. We note some simple relationships: df -=X;
V=k-(1.1) as o A = -i sin <p + j cos ip; p = -i cos ip -j sin <p.
(1.2)
Since po=dso/d<p, we obtain from (1.2) the Frenet-Serret formulae for a plane curve:
d\/ds o = /Z/pol dp/dso = -X/po.
(1-3)
The vector equation of the surface of constant slope 5 has the form:
R(so, t) = f(j0) + t(ji sin 6 + v cos 6).
(1.4)
For a constant value of t, (1.4) is the vector equation of the horizontal section Ct. Then, dR/dst is the unit vector tangent to Ct-Since dR/dst^Xipo -t sin d)dsa/pvdst, Ct is parallel to Co at corresponding points (see Fig. 2 ), and dst/dso = (po -t sin 0)/po.
(1-5) If the shell is long, it may happen that at some point pi = 0. At such a point the tangent to Ct ceases to turn continuously (see points P, P' in Fig. 2 ). We shall discuss only the portion of the shell where t sin 6<p0, i.e., the open shell without the "tail edge."
2. An element of a shell of thickness h having the surface 5 for middle surface is shown in Fig. 3 . According to the usual assumptions of the membrane theory of shells,4 the bending stresses as well as effects of curvature of 5 are disregarded and [Vol. II, No. 2 one has Ngt -Nlt. The total forces acting on the faces hdst and hdt of the element are respectively: -{Nt(ji sin 0 + V cos 0) + iV,iX}(po -t sin 8)dip, (2.1a)
-{N.% + N,,(/z sin 0 + V cos 0)} dt.
(2. lb)
Let P = P,%+Pt (p sin 0+v cos 0)-\-Pn(fi cos 9 -v sin 6) represent the load per unit area of the surface. Then the condition of equilibrium of the element of the shell is:
Equating the components of these forces in the n, s, and t directions, we obtain three equations for the determination of the three stress components:
We proceed to solve equations (2.3) with the simplifying assumption that the load 7 does not vary along the generators L, and obtain :6
AT. = (po -t sin 8)P" sec 8, The results (2.6) and (2.7) will form the basis of analysis in later sections. The strains in the surface are given by the following scalar products between the rates of change of the displacement D and the unit vectors in the t and J directions:
We evaluate (3.2) and substitute the results into Hooke's Law:
Equations (3.3) are easily integrated to yield expressions for the displacements:
where A{<p) and B(<p) are arbitrary functions. When the stresses have the form (2.5), the displacements can be expressed directly in terms of the functions / and g:
-tan 0(A + A" csc2 6) + B'pt sec 6 + Bp' sec 6.
Expressions for displacements Dz, Dv, Dx in the x, y, z (or any other) directions are best derived by taking a scalar product between a unit vector in the given direction and D of (3.1). For instance,
( 3.6) 4. The current literature on shells contains very little on the boundary conditions in the membrane theory of shells. We recall that local bending of the shell was disregarded according to the simplifying assumptions of the theory. Thus we cannot expect to satisfy all of the usual boundary, conditions. For instance, we cannot ask that the heavy end bulkhead be considered rigid; in bending of the shell as a whole this would entail e" = Nt = 0 in the end section which could consequently transmit no bending moment. By allowing deformations in the plane of the end sections we remove the restriction on Nt and the problem of bending has a solution (see section 5). One has to decide in every particular problem which boundary conditions correspond more nearly to the assumption of no local bending.
A casual reader might be tempted to interpret the contribution of A and B to the displacements in (3.4) as that of rigid body motion since it is present when the stresses vanish. However, it is conceivable that a given state of stress induces inextensional displacements other than those of a rigid body as necessitated by the shape of the shell. Thus, in the case of a non-circular cylindrical shell under torsion, A accounts for the warping of the cross-sections.6
In general, these inextensional deformations are accompanied by local bending stresses which must be small to be neglected in accordance with our assumptions. One would expect that no energy is expended in the inextensional deformations. The strain energy in shells loaded through the end-sections is 1 f" f2r/iV( nI\ v = rJjAE+ir) >■"""■
or 1 r 2t = 7 J. <"■ tu + Ntv)ptd<p t-t i (4.2) Substituting (2.5) and the contribution due to A and B into (4.2) and integrating by parts, we find that our expectation is verified. The accompanying local bending, however, absorbs energy and, therefore, places limitations on the inextensional displacements according to the principle of minimum strain energy. The minimum expenditure of energy in bending occurs when the inextensional displacements reduce to rigid body displacements.
One can easily verify that the most general functions A and B corresponding to rigid body displacements have the form A = -ax sin 9 cos <p -av sin 9 sin <p + az cos 9 + axy0 cos 9
-ayxo cos 9 + az sin 6(y0 cos <p -xo sin <p), (4.3) B = a x cot 9 cos <p + av cot 0 sin y + az, where ax, ay, az represent the infinitesimal translations in the x, y, z directions; ax, av, a.z the infinitesimal rotations about the x, y, z axes; and xo, y o the .coordinates in the base section CoInstead of imposing conditions on the displacements, one may prescribe a sensible distribution of stresses at the boundary. We note that by (2.5) the state of stress in the whole shell is determined as soon as the stresses Nt and Nst are given at one endsection. Thus two different stress distributions which are statically equivalent over an end-section will determine distinctly different stress distributions in the rest of the shell.7 S. We shall study first the effects of taper8 as exhibited in a conical shell of circular cross-section; later, we shall discuss the influence of a variable radius of curvature pt of the section Ct.
Let M represent the bending moment (causing tension for x(>0) applied to the shell through the end-sections Co and Ci. We shall try to satisfy the conditions that the end-sections (bulkheads) remain plane, i.e., Dz = 0 for t -0; Dz = /3(xo -h sin 9) for t = (5.1)
where 13 is the (undetermined) angle of bending, and that the displacements due to A and B reduce to rigid body displacements (4.3). By virtue of (3.6), (3.5), and (4.3), we obtain for the first of conditions (5.1) sec 8 csc 7 This is the price that has to be paid for the simplifications due to the assumptions of the membrane theory. A "disturbance" of the state of stress on one end-section (the difference between the equivalent stress distributions) "propagates" itself along the generators without "dying out." The general theory of thin shells would lead to differential equations of higher order; for these one can find solutions representing disturbances that die out with the distance from the end-section.
8 All the results of sections 5-9 simplify to the corresponding expressions for a cylinder as the taper approaches zero. [Vol. II, No. 2 By symmetry, the functions g' and/' are odd in ac0; let their Fourier expansions read If we take for X, the fictitious displacement of the axis of the cone, the average of Dx over Ct (by analogy with a cylinder or prism), we obtain for the slope of the deformed axis dX M sin 9 (2 + v -csc2 6 1 dz 2 it Eh cos2 9 (2 + v -csc2 6 1 1 \~f-r^r + T(2 + csc20)r-(5-13) I (r -t sin 6)2 r2 )
Comparison with equation (5.7) shows that the axis is not perpendicular to the sections Ct as one might expect. Nor is the increment in slope equal to /3, the angle between the end sections. In fact, for csc2 9 = 2 + v, a large taper, the axis remains altogether straight despite the angle between Co and C*. This is due to a slipping effect caused by an interplay of the shearing forces Nsl and the x components of Nt. Finally, let us check (5.5) by the customary9 application of Castigliano's Principle, dV/dM = $.
Substituting (5.6), (5.9), and (5.10) into (4.2), we have .
M2 sin 9 2v
F|,_" = , (5.14)
AirEh cos2 6 r2 M2 sin 6(2 + csc2 9 + 2v) ( 1 -a-
AirEh cos2 9 l(r -h sin 0)2 * ' M sin 9(2 + csc2 6 + 2v) M sin 9(2 + csc2 6 + 2v) I 1 1 2 irEh cos2 6 I (r -h sin 6)2 r2 / (5.16)
The discrepancy between (5.5) and (5.16) is negligible in practical applications, but is interesting theoretically. It springs from a loose interpretation of Castigliano's Principle above, which is strictly true only for a concentrated couple M. Since M is distributed over the end sections, it does work not only in bending the shell but also in deforming the end-sections within their planes, as seen from (5.14). When the end-sections are alike as in a cylinder or prism, as much energy is spent in the deformation of one end as is gained at the other end; then, Castigliano's Principle holds even for a distributed moment. But to obtain the correct angle of bending in the case of a cone, one must deduct from the total strain energy (5.15) the net energy absorbed in the plane deformation of Co and Ci, namely M2v sin 9 2wEh cos2 9 {-1 11.
l(r -t\ sin 9)2 t2 j 6. We derive easily the expressions for the stresses in a cone twisted by a torque T by making either Dz = 0 or iV, = 0 at C0 and C\ and using (2.6) and (2.7), T N.t = -, N, = 0. (6.1) 2ir(r -t sin 6)2
From the displacements or the strain energy we obtain the total angle of twist 7 and the angle of twist per unit length of the cone Here, the effects of taper as manifested in (6.1) and (6.2) are not unexpected. More interesting is the case of a cone supported at Co and bent by a force R (in the x direction) distributed over CV We learn from (2.6) that the function /(<p) and hence the shear stress N,t do not actually contribute to the resultant R acting on any section Ct■ Expressions (2.6) and (2.7) show that the term in cos cp of g' alone influences the resultant force as well as moment on Ct. We superpose a state of stress given by (5.6) with M = R cot 0{r -t\ sin 6) in order to bring the moment across C\ to zero, and obtain the final result -R{1\ -f) cos <p -R(r -ti sin d) sin ip In bending, only sections satisfying (7.4) will be considered. 8. The stresses in a shell of constant slope under torsion are determined from the conditions that the load is applied in such a manner that only shearing stresses are generated at the end-sections.
The conditions -ZVi = 0 at t = 0 and t = h yield f=kpo(fio-ti sin 8) and g = k(po -ti sin 0). Substituting the expression for/into Nat, we find the torque T on Co T = J" R X N,t\pod(p = k sin 6 R X -ds0 -h sin 6 J R X \d<p| ,
